
jXj o�`BQmb M2+2bb�`v �M/ bm{+B2Mi +QM/BiBQMb 7Q` BMp2`iB#BHBivX

yX �bbmK2/ #�+F;`QmM/X

Ç q?�i ?�b #22M +Qp2`2/ BM hQTB+b R@kX
Ç jXR AMp2`iB#H2 K�i`B+2bX
Ç jXk AMp2`iB#BHBiv �M/ `Qr QT2`�iBQMbX

�#bi`�+iX q2 BMi`Q/m+2,ě
Ç p�`BQmb `2@7Q`KmH�iBQMb Q7 BMp2`iB#BHBiv- �M/ i?2 `2�bQMb #2?BM/X

RX 1�`HB2` r2 ?�p2 BMi`Q/m+2/ � `2bmHi �#Qmi M2+2bb�`v �M/ bm{+B2Mi +QM/BiBQMb 7Q` BMp2`iB#BHBiv BM i2`Kb Q7 `Qr QT2`@
�iBQMbX Ai Bb BM 7�+i � ǵ#�#v p2`bBQMǶ Q7 � KQ`2 2ti2MbBp2 `2bmHi- r?B+? Bb h?2Q`2K URV #2HQrX
h?2Q`2K URVX
amTTQb2 A Bb � (p× p)@b[m�`2 K�i`BtX h?2M i?2 bi�i2K2Mib #2HQr �`2 HQ;B+�HHv 2[mBp�H2Mi,ě

U�V A Bb BMp2`iB#H2X
U#V A Bb `Qr@2[mBp�H2Mi iQ IpX
U+V A Bb � T`Q/m+i Q7 (p× p)@`Qr@QT2`�iBQM K�i`B+2bX
U/V A ?�b � H27i BMp2`b2X
U2V A ?�b � `B;?i BMp2`b2X
U7V h?2 ?QKQ;2M2Qmb bvbi2K LS(A, 0p) ?�b MQ MQM@i`BpB�H bQHmiBQMX
U;V 6Q` �Mv +QHmKM p2+iQ` b rBi? p 2Mi`B2b- i?2 bvbi2K LS(A, b) Bb +QMbBbi2MiX

LQr bmTTQb2 �Mv QM2 Q7 i?2 �#Qp2 ?QH/b U�M/ ?2M+2 �HH ?QH/VX h?2M i?2 bi�i2K2Mib #2HQr ?QH/,ě

(α) [ A Ip ] Bb `Qr@2[mBp�H2Mi iQ [ Ip A−1 ]X
(β) Ip Bb i?2 QMHv `2/m+2/ `Qr@2+?2HQM 7Q`K r?B+? Bb `Qr@2[mBp�H2Mi iQ AX
(γ) 6Q` �Mv +QHmKM p2+iQ` b rBi? p 2Mi`B2b- i?2 bvbi2K LS(A, b) ?�b � mMB[m2 bQHmiBQM- M�K2Hv A−1bX

kX *QKK2Mib QM h?2Q`2K URVX

U�V h?2Q`2K URV BM+Q`TQ`�i2b i?2 +H�BK ($) r2 ?�p2 K�/2 2�`HB2` #mi �`2 v2i iQ DmbiB7v,ě
($) �Mv ;Bp2M b[m�`2 K�i`Bt ?�b #Qi? H27i �M/ `B;?i BMp2`b2b- Q` M2Bi?2`X
"v T`QpBM; h?2Q`2K URV- r2 +�M DmbiB7v i?2 +H�BK ($)

U#V h?2 7mHH �`;mK2Mi 7Q` h?2Q`2K URV Bb H2M;i?vX
� b+?2K2 Q7 �`;mK2Mi- iQ #2 7QHHQr2/ #v i?2 /2i�BH 7Q` i?2 p�`BQmb T�`ib Q7 i?2 b+?2K2- rBHH #2 ;Bp2M H�i2`X

6Q` i?2 KQK2Mi r2 rBHH 2tTHQ`2 p�`BQmb i?2Q`2iB+�H +QMb2[m2M+2b Q7 h?2Q`2K URV BM i?2 HB;?i Q7 Qi?2` 2bi�#HBb?2/
`2bmHib +QM+2`M2/ rBi?,ě

Ç i?2 U�H;2#`�B+ T`QT2`iB2bV Q7 K�i`Bt BMp2`b2b Uh?2Q`2K UkV- h?2Q`2K UjV- h?2Q`2K U9V- h?2Q`2K U8VV-
Ç i?2 MQiBQMb Q7 HBM2�` +QK#BM�iBQMb- HBM2�` /2T2M/2M+2- �M/ HBM2�` BM/2T2M/2M+2 7Q` +QHmKM p2+iQ`b �M/ `Qr

p2+iQ`b Uh?2Q`2K UeV- h?2Q`2K UdV- h?2Q`2K U3VVX

jX _2+�HH i?2 `2bmHi #2HQr- H�#2HH2/ h?2Q`2K (%) ?2`2- i?�i ?�b #22M �H`2�/v T`Qp2/ U�M/ �TTHB2/ BM Qi?2` bBim�iBQMbV,
h?2Q`2K (%)X
G2i A,B #2 (p× p)@K�i`B+2bX amTTQb2 2�+? Q7 A,B Bb BMp2`iB#H2X h?2M AB Bb BMp2`iB#H2X

9X qBi? i?2 ?2HT Q7 h?2Q`2K URV- r2 �`2 ;QBM; iQ T`Qp2 i?2 +QMp2`b2 Q7 h?2Q`2K (%),
h?2Q`2K UkVX U*QMp2`b2 Q7 h?2Q`2K (%)V
G2i A,B #2 (p× p)@K�i`B+2bX
amTTQb2 AB Bb BMp2`iB#H2X
h?2M 2�+? Q7 A,B Bb BMp2`iB#H2X
_2K�`FX h?2Q`2K UkV Bb MQi Q#pBQmb- �M/ r?2M QMHv `m/BK2Mi�`v iQQHb �`2 �HHQr2/ iQ #2 mb2/- i?2 �`;mK2Mi
7Q` h?2Q`2K UkV rBHH #2 MQM@i`BpB�HX
>Qr2p2`- rBi? i?2 ?2HT Q7 h?2Q`2K URV- i?2 �`;mK2Mi 7Q` h?2Q`2K UkV Bb HBiiH2 KQ`2 i?�M bBKTH2 K�i`Bt �H;2#`�X
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8X S`QQ7 Q7 h?2Q`2K UkVX
G2i A,B #2 (p× p)@K�i`B+2bX
amTTQb2 AB Bb BMp2`iB#H2X .2MQi2 i?2 K�i`Bt BMp2`b2 Q7 AB #v CX
"v /2}MBiBQM- r2 ?�p2 (AB)C = Ip �M/ C(AB) = IpX
q2 ?�p2 A(BC) = (AB)C = IpX h?2M A ?�b � `B;?i BMp2`b2- M�K2Hv BCX >2M+2- #v h?2Q`2K URV- A Bb BMp2`iB#H2X
q2 �HbQ ?�p2 (CA)B = C(AB) = IpX h?2M B ?�b � H27i BMp2`b2- M�K2Hv- CAX >2M+2- #v h?2Q`2K URV- B Bb BMp2`iB#H2X

eX q2 K�v +QK#BM2 h?2Q`2K (%) �M/ h?2Q`2K UkV iQ;2i?2` iQ Q#i�BM h?2Q`2K UjVX 6m`i?2` �TTHvBM; K�i?2K�iB+�H
BM/m+iBQM- r2 +�M /2/m+2 h?2Q`2K U9VX � bT2+B�H +�b2 Q7 h?2Q`2K U9V Bb h?2Q`2K U8VX
h?2Q`2K UjVX UAMp2`iB#BHBiv Q7 BM/BpB/m�H b[m�`2 K�i`B+2b �M/ i?2B` T`Q/m+ibXV
amTTQb2 A,B �`2 (p× p)@K�i`B+2bX
h?2M AB Bb BMp2`iB#H2 B7 �M/ QMHv B7 2�+? Q7 A,B Bb BMp2`iB#H2X
h?2Q`2K U9VX U*Q`QHH�`v URV iQ h?2Q`2K UjVXV
amTTQb2 A1, A2, · · · , An �`2 (p× p)@K�i`B+2bX
h?2M A1A2 · · ·An Bb BMp2`iB#H2 B7 �M/ QMHv B7 2�+? Q7 A1, A2, · · · , An Bb BMp2`iB#H2X
h?2Q`2K U8VX U*Q`QHH�`v UkV iQ h?2Q`2K UjVXV
amTTQb2 A Bb � (p× p)@K�i`Bt- �M/ n Bb � TQbBiBp2 BMi2;2`X
h?2M An Bb BMp2`iB#H2 B7 �M/ QMHv B7 A Bb BMp2`iB#H2X

dX q2 `2+�HH i?2 i?2Q`2iB+�H `2bmHi #2HQr- H�#2HH2/ h?2Q`2K (&1)- �#Qmi HBM2�` BM/2T2M/2M+2X
h?2Q`2K (&1)X
amTTQb2 u1,u2, · · · ,uq �`2 +QHmKM p2+iQ`b rBi? p 2Mi`B2b- �M/ U Bb i?2 (p×q)@K�i`Bt ;Bp2M #v U = [ u1 u2 · · · uq ]X
U>2`2 p, q �`2 MQi �bbmK2/ iQ #2 i?2 b�K2XV
h?2M i?2 bi�i2K2Mib (LI)- (LI0) �`2 HQ;B+�HHv 2[mBp�H2Mi,ě

(LI) u1,u2, · · · ,uq �`2 HBM2�`Hv BM/2T2M/2MiX
UP` 2[mBp�H2MiHv, 6Q` �Mv MmK#2`b α1,α2, · · · ,αq- B7 α1u1+α2u2+· · ·+αquq = 0p i?2M α1 = α2 = · · · = αq = 0X
P` 7m`i?2` 2[mBp�H2MiHv, 6Q` �Mv +QHmKM p2+iQ` t rBi? q 2Mi`B2b- B7 Ut = 0p i?2M t = 0qXV

(LI0) h?2 ?QKQ;2M2Qmb bvbi2K LS(U, 0p) ?�b MQ MQM@i`BpB�H bQHmiBQMX

3X *QK#BMBM; h?2Q`2K URV �M/ h?2Q`2K (&1)- r2 Q#i�BM i?2 `2@7Q`KmH�iBQM Q7 BMp2`iB#BHBiv BM i2`Kb Q7 HBM2�` BM/2T2M@
/2M+2X
h?2Q`2K UeVX U_2@7Q`KmH�iBQM Q7 BMp2`iB#BHBiv BM i2`Kb Q7 HBM2�` BM/2T2M/2M+2XV
amTTQb2 A Bb � (p× p)@b[m�`2 K�i`BtX h?2M i?2 bi�i2K2Mib #2HQr �`2 HQ;B+�HHv 2[mBp�H2Mi,ě

U�V A Bb BMp2`iB#H2X
U/V A ?�b � H27i BMp2`b2X
U7V h?2 ?QKQ;2M2Qmb bvbi2K LS(A, 0p) ?�b MQ MQM@i`BpB�H bQHmiBQMX
U?V 6Q` �Mv +QHmKM p2+iQ` t rBi? p 2Mi`B2b- B7 At = 0p i?2M t = 0pX
UDV h?2 +QHmKMb Q7 A �`2 HBM2�`Hv BM/2T2M/2MiX

NX LQr `2+�HH i?2 i?2Q`2iB+�H `2bmHi #2HQr- H�#2HH2/ h?2Q`2K (&2)- �#Qmi HBM2�` +QK#BM�iBQMbX
h?2Q`2K (&2)X
amTTQb2 u1,u2, · · · ,uq �`2 +QHmKM p2+iQ`b rBi? p 2Mi`B2b- �M/ U Bb i?2 (p×q)@K�i`Bt ;Bp2M #v U = [ u1 u2 · · · uq ]X
U>2`2 p, q �`2 MQi �bbmK2/ iQ #2 i?2 b�K2XV
amTTQb2 v Bb � +QHmKM p2+iQ` rBi? q 2Mi`B2bX h?2M i?2 bi�i2K2Mib (LC), (LC0) �`2 HQ;B+�HHv 2[mBp�H2Mi,ě

ULCV v Bb � HBM2�` +QK#BM�iBQM Q7 u1,u2, · · · ,uqX
UP` 2[mBp�H2MiHv, h?2`2 2tBbi bQK2 MmK#2`b α1,α2, · · · ,αq bm+? i?�i v = α1u1 + α2u2 + · · ·+ αquqX
P` 7m`i?2` 2[mBp�H2MiHv, h?2`2 2tBbib bQK2 +QHmKM p2+iQ` t rBi? q 2Mi`B2b bm+? i?�i v = UtXV

ULC0V h?2 bvbi2K LS(U, v) Bb +QMbBbi2MiX
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RyX *QK#BMBM; h?2Q`2K URV �M/ h?2Q`2K (&2)- r2 Q#i�BM i?2 `2@7Q`KmH�iBQM Q7 BMp2`iB#BHBiv BM i2`Kb Q7 HBM2�` +QK#BM�@
iBQMbX
h?2Q`2K UdVX U_2@7Q`KmH�iBQM Q7 BMp2`iB#BHBiv BM i2`Kb Q7 HBM2�` +QK#BM�iBQMbXV
amTTQb2 A Bb � (p× p)@b[m�`2 K�i`BtX h?2M i?2 bi�i2K2Mib #2HQr �`2 HQ;B+�HHv 2[mBp�H2Mi,ě

U�V A Bb BMp2`iB#H2X
U2V A ?�b � `B;?i BMp2`b2X
U;V 6Q` �Mv +QHmKM p2+iQ` b rBi? p 2Mi`B2b- i?2 bvbi2K LS(A, b) Bb +QMbBbi2MiX
UBV 6Q` �Mv +QHmKM p2+iQ` b rBi? p 2Mi`B2b- i?2`2 2tBbib bQK2 +QHmKM p2+iQ` t rBi? p 2Mi`B2b bm+? i?�i At = bX
UFV 1p2`v +QHmKM p2+iQ` rBi? p 2Mi`B2b Bb � HBM2�` +QK#BM�iBQM Q7 i?2 +QHmKMb Q7 AX

RRX q2 M2ti `2+�HH i?2 i?2Q`2iB+�H `2bmHib #2HQr- H�#2HH2/ h?2Q`2K (')- �#Qmi i`�MbTQb2 �M/ BMp2`iB#BHBivX
h?2Q`2K (')X
amTTQb2 B Bb � (p× p)@b[m�`2 K�i`BtX h?2M i?2 bi�i2K2Mib ('1)- ('2) ?QH/,

('1) h?2 2[m�HBiv (Bt)t = B ?QH/bX
('2) amTTQb2 B Bb BMp2`iB#H2X h?2M Bt Bb BMp2`iB#H2- �M/ i?2 K�i`Bt BMp2`b2 Q7 Bt Bb ;Bp2M #v (Bt)−1 = (B−1)tX

RkX *QK#BMBM; h?2Q`2K URV- h?2Q`2K UeV- h?2Q`2K UdV �M/ h?2Q`2K (')- r2 Q#i�BM i?2 `2bmHi #2HQr- r?B+? ;Bp2b �
p�biHv 2tT�M/2/ HBbi Q7 TQbbB#H2 `2@7Q`KmH�iBQMb UbQK2 Q7 i?2K ?B;?Hv MQM@Q#pBQmb �i }`bi bB;?iV 7Q` i?2 MQiBQM Q7
BMp2`iB#BHBivX
h?2Q`2K U3VX Uo�`BQmb `2@7Q`KmH�iBQMb 7Q` i?2 MQiBQM Q7 BMp2`iB#BHiBvXV
amTTQb2 A Bb � (p× p)@b[m�`2 K�i`BtX h?2M i?2 bi�i2K2Mib #2HQr �`2 HQ;B+�HHv 2[mBp�H2Mi,ě

U�V A Bb BMp2`iB#H2X
U#V A Bb `Qr@2[mBp�H2Mi iQ IpX
U+V A Bb � T`Q/m+i Q7 (p× p)@`Qr@QT2`�iBQM K�i`B+2bX
U/V A ?�b � H27i BMp2`b2X
U2V A ?�b � `B;?i BMp2`b2X

U�∗V At Bb BMp2`iB#H2X
U#∗V At Bb `Qr@2[mBp�H2Mi iQ IpX
U+∗V At Bb � T`Q/m+i Q7 (p× p)@`Qr@QT2`�iBQM K�i`B+2bX
U/∗V At ?�b � H27i BMp2`b2X
U2∗V At ?�b � `B;?i BMp2`b2X

U7V h?2 ?QKQ;2M2Qmb bvbi2K LS(A, 0p) ?�b MQ MQM@
i`BpB�H bQHmiBQMX

U7∗V h?2 ?QKQ;2M2Qmb bvbi2K LS(At, 0p) ?�b MQ MQM@
i`BpB�H bQHmiBQMX

U;V 6Q` �Mv +QHmKM p2+iQ` b rBi? p 2Mi`B2b- i?2 bvbi2K
LS(A, b) Bb +QMbBbi2MiX

U;∗V 6Q` �Mv +QHmKM p2+iQ` c rBi? p 2Mi`B2b- i?2 bvbi2K
LS(At, c) Bb +QMbBbi2MiX

U?V 6Q` �Mv +QHmKM p2+iQ` t rBi? p 2Mi`B2b- B7 At = 0p

i?2M t = 0pX
U?∗V 6Q` �Mv `Qr p2+iQ` u rBi? p 2Mi`B2b- B7 uA = 0p

t

i?2M u = 0p
tX

UBV 6Q` �Mv +QHmKM p2+iQ` b rBi? p 2Mi`B2b- i?2`2 Bb bQK2
+QHmKM p2+iQ` t rBi? p 2Mi`B2b bm+? i?�i At = bX

UB∗V 6Q` �Mv `Qr p2+iQ` c rBi? p 2Mi`B2b- i?2`2 Bb bQK2
`Qr p2+iQ` u rBi? p 2Mi`B2b bm+? i?�i uA = cX

UDV h?2 +QHmKMb Q7 A �`2 HBM2�`Hv BM/2T2M/2MiX UD∗V h?2 `Qrb Q7 A �`2 HBM2�`Hv BM/2T2M/2MiX

UFV 1p2`v +QHmKM p2+iQ` rBi? p 2Mi`B2b Bb � HBM2�` +QK@
#BM�iBQM Q7 i?2 +QHmKMb Q7 AX

UF∗V 1p2`v `Qr p2+iQ` rBi? p 2Mi`B2b Bb � HBM2�` +QK#BM�@
iBQM Q7 i?2 `Qrb Q7 AX

LQr bmTTQb2 �Mv QM2 Q7 i?2 �#Qp2 ?QH/b U�M/ ?2M+2 �HH ?QH/VX h?2M i?2 bi�i2K2Mib #2HQr ?QH/,ě

(α) [ A Ip ] Bb `Qr@2[mBp�H2Mi iQ [ Ip A−1 ]X (α∗) [ At Ip ] Bb `Qr@2[mBp�H2Mi iQ [ Ip (At)−1 ]X

(β) Ip Bb i?2 QMHv `2/m+2/ `Qr@2+?2HQM 7Q`K r?B+? Bb
`Qr@2[mBp�H2Mi iQ AX

(β∗) Ip Bb i?2 QMHv `2/m+2/ `Qr@2+?2HQM 7Q`K r?B+? Bb
`Qr@2[mBp�H2Mi iQ AtX

(γ) 6Q` �Mv +QHmKM p2+iQ` b rBi? p 2Mi`B2b- i?2 bvbi2K
LS(A, b) ?�b � mMB[m2 bQHmiBQM- M�K2Hv A−1bX

(γ∗) 6Q` �Mv +QHmKM p2+iQ` c rBi? p 2Mi`B2b- i?2 bvbi2K
LS(At, c) ?�b � mMB[m2 bQHmiBQM- M�K2Hv (At)−1cX

RjX a+?2K2 Q7 �`;mK2Mi 7Q` h?2Q`2K URVX
amTTQb2 A Bb � (p× p)@b[m�`2 K�i`BtX
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AX P#b2`p�iBQMb- QM r?2`2 r2 /Q MQi ?�p2 iQ /Q �Mvi?BM;X
AXRX 6`QK r?�i r2 ?�p2 H2�`Mi �#Qmi `Qr QT2`�iBQMb �M/ `Qr@QT2`�iBQM K�i`B+2b- r2 FMQr i?�i i?2 bi�i2K2Mi

U#V �M/ i?2 bi�i2K2Mi U+V �`2 HQ;B+�HHv 2[mBp�H2Mi,ě
A Bb `Qr@2[mBp�H2Mi iQ Ip︸ ︷︷ ︸

ai�i2K2Mi U#V

B7 �M/ QMHv B7 A Bb � T`Q/m+i Q7 (p× p)@`Qr@QT2`�iBQM K�i`B+2b︸ ︷︷ ︸
ai�i2K2Mi U+V

X

AXkX �++Q`/BM; iQ /2}MBiBQM 7Q` i?2 MQiBQM Q7 BMp2`iB#BHBiv- r2 FMQr i?�i i?2 bi�i2K2Mi U�V BKTHB2b i?2 bi�i2K2Mi
U/V �M/ i?2 bi�i2K2Mi U2V,ě

A7 A Bb BMp2`iB#H2︸ ︷︷ ︸
ai�i2K2Mi U�V

- i?2M A ?�b � H27i BMp2`b2︸ ︷︷ ︸
ai�i2K2Mi U/V

�M/ A ?�b � `B;?i BMp2`b2︸ ︷︷ ︸
ai�i2K2Mi U2V

X

AXjX q2 ?�p2 �H`2�/v FMQrM i?�i i?2 bi�i2K2Mi U�V BKTHB2b i?2 bi�i2K2Mi (γ),ě
A7 A Bb BMp2`iB#H2︸ ︷︷ ︸

ai�i2K2Mi U�V

i?2M

7Q` �Mv +QHmKM p2+iQ` b rBi? p 2Mi`B2b- i?2 bvbi2K LS(A, b) ?�b � mMB[m2 bQHmiBQM- M�K2Hv A−1b︸ ︷︷ ︸
ai�i2K2Mi (γ)

X

AX9X q2 ?�p2 �HbQ FMQrM i?�i i?2 bi�i2K2Mi U/V BKTHB2b i?2 bi�i2K2Mi U7V,ě
A7 A ?�b � H27i BMp2`b2︸ ︷︷ ︸

ai�i2K2Mi U/V

i?2M h?2 ?QKQ;2M2Qmb bvbi2K LS(A, 0p) ?�b MQ MQM@i`BpB�H bQHmiBQM
︸ ︷︷ ︸

ai�i2K2Mi U7V

X

AX8X q2 ?�p2 7m`i?2` FMQrM i?�i i?2 bi�i2K2Mi U2V BKTHB2b i?2 bi�i2K2Mi U;V,ě
A7 A ?�b � `B;?i BMp2`b2︸ ︷︷ ︸

ai�i2K2Mi U2V

i?2M

7Q` �Mv +QHmKM p2+iQ` b rBi? p 2Mi`B2b- i?2 bvbi2K LS(A, b) Bb +QMbBbi2Mi︸ ︷︷ ︸
ai�i2K2Mi U;V

X

AAX P#b2`p�iBQMb- QM r?2`2 r2 M22/ iQ /Q bQK2i?BM;X
AM i?2 HB;?i Q7 i?2 �#Qp2 Q#b2`p�iBQMb- r2 QMHv ?�p2 iQ T`Qp2 i?`22 `2bmHib- iQ #2 H�#2HH2/ h?2Q`2K U3V- h?2Q`2K
UNV �M/ h?2Q`2K URyV- r?Qb2 Tm`TQb2b �`2 2tTH�BM2/ #2HQr,ě

AAXRX AM h?2Q`2K U3V- r2 /2/m+2 i?�i i?2 bi�i2K2Mi U#V BKTHB2b i?2 bi�i2K2Mi U�V �M/ i?2 bi�i2K2Mi (α),ě
A7 A Bb `Qr@2[mBp�H2Mi iQ Ip︸ ︷︷ ︸

ai�i2K2Mi U#V

- i?2M A Bb BMp2`iB#H2︸ ︷︷ ︸
ai�i2K2Mi U�V

�M/ [ A Ip ] Bb `Qr@2[mBp�H2Mi iQ [ Ip A−1 ]
︸ ︷︷ ︸

ai�i2K2Mi (α)

X

AAXkX AM h?2Q`2K UNV- r2 /2/m+2 i?�i i?�i i?2 bi�i2K2Mi U7V BKTHB2b i?2 bi�i2K2Mi U#V,ě
A7 i?2 ?QKQ;2M2Qmb bvbi2K LS(A, 0p) ?�b MQ MQM@i`BpB�H bQHmiBQM
︸ ︷︷ ︸

ai�i2K2Mi U7V

i?2M

A Bb `Qr@2[mBp�H2Mi iQ Ip︸ ︷︷ ︸
ai�i2K2Mi U#V

X

AAXjX "v K�FBM; � bHB;?i �/�T�iBQM iQ i?2 �`;mK2Mi 7Q` h?2Q`2K UNV- r2 �HbQ /2/m+2 i?�i i?2 bi�i2K2Mi U7V
BKTHB2b i?2 bi�i2K2Mi (β),ě

A7 i?2 ?QKQ;2M2Qmb bvbi2K LS(A, 0p) ?�b MQ MQM@i`BpB�H bQHmiBQM
︸ ︷︷ ︸

ai�i2K2Mi U7V

i?2M

Ip Bb i?2 QMHv `2/m+2/ `Qr@2+?2HQM 7Q`K r?B+? Bb `Qr@2[mBp�H2Mi iQ A
︸ ︷︷ ︸

ai�i2K2Mi (β)

X

AAX9X AM h?2Q`2K URyV- r2 /2/m+2 i?�i i?2 bi�i2K2Mi U;V BKTHB2b i?2 bi�i2K2Mi U#V,ě
A7 7Q` �Mv +QHmKM p2+iQ` b rBi? p 2Mi`B2b- i?2 bvbi2K LS(A, b) Bb +QMbBbi2Mi︸ ︷︷ ︸

ai�i2K2Mi U;V

i?2M

A Bb `Qr@2[mBp�H2Mi iQ Ip︸ ︷︷ ︸
ai�i2K2Mi U#V

X

R9X h?2Q`2K U3VX
G2i A #2 � (p× p)@b[m�`2 K�i`BtX amTTQb2 A Bb `Qr@2[mBp�H2Mi iQ IpX
h?2M i?2 bi�i2K2Mib #2HQr ?QH/,

URV A Bb BMp2`iB#H2X

9



UkV [ A Ip ] Bb `Qr@2[mBp�H2Mi iQ [ Ip A−1 ]X

R8X S`QQ7 Q7 h?2Q`2K U3VX
G2i A #2 � (p× p)@b[m�`2 K�i`BtX amTTQb2 A Bb `Qr@2[mBp�H2Mi iQ IpX
h?2M A Bb � T`Q/m+i Q7 `Qr@QT2`�iBQM K�i`B+2b- b�v- G1, G2, · · · , Gk−1, Gk- ;BpBM; bQK2 2[m�HBiv- b�v-

A = G1G2 · · ·Gk−1Gk.

1�+? Q7 G1, G2, · · · , Gk−1, Gk Bb BMp2`iB#H2X h?2M- bBM+2 i?2 2[m�HBiv A = G1G2 · · ·Gk−1Gk ?QH/b- A Bb �HbQ BMp2`iB#H2X
JQ`2Qp2`- Ip = G1G2 · · ·Gk−1GkA−1X
>2M+2 r2 ?�p2

[ A Ip ] = [ AIp AA−1 ] = A[ Ip A−1 ] = G1G2 · · ·Gk−1Gk[ Ip A−1 ]

6Q` 2�+? j = 1, 2, · · · , k, k − 1- /2MQi2 #v ρj i?2 `Qr@QT2`�iBQM iQ r?B+? i?2 `Qr@QT2`�iBQM K�i`Bt Gj Bb �bbQ+B�i2/X
h?2M r2 ?�p2 i?2 b2[m2M+2 Q7 `Qr QT2`�iBQMb DQBMBM; [ Ip A−1 ] iQ [ A Ip ] #2HQr,

[ Ip A−1 ]
ρk−→

ρ
k−1−−−→

ρ
k−2−−−→ · · · · · · · · · ρ2−→ ρ3−→ ρ1−→ [ A Ip ]

h?2`27Q`2 [ Ip A−1 ] Bb `Qr@2[mBp�H2Mi iQ [ A Ip ]X
>2M+2 [ A Ip ] Bb `Qr@2[mBp�H2Mi iQ [ Ip A−1 ]X

ReX _2+�HH i?2 `2bmHi #2HQr- /2MQi2/ #v h?2Q`2K (†) ?2`2- �#Qmi bvbi2Kb Q7 HBM2�` 2[m�iBQMbX
h?2Q`2K (†)X
G2i A,A′ #2 (p× q)@K�i`B+2b- �M/ b,b′ #2 +QHmKM p2+iQ`b rBi? p 2Mi`B2bX
amTTQb2 A,b �M/ A′,b′ �`2 `Qr@2[mBp�H2Mi mM/2` i?2 b�K2 b2[m2M+2 Q7 `Qr QT2`�iBQMbX
amTTQb2 t Bb � +QHmKM p2+iQ` rBi? q 2Mi`B2bX
h?2M t Bb � bQHmiBQM Q7 LS(A, b) B7 �M/ QMHv B7 t Bb � bQHmiBQM Q7 LS(A′, b′)X

RdX qBi? i?2 ?2HT Q7 h?2Q`2K (†)- r2 2bi�#HBb? h?2Q`2K UNVX
h?2Q`2K UNVX
G2i A #2 � (p× p)@b[m�`2 K�i`BtX
amTTQb2 i?2 ?QKQ;2MQmb bvbi2K LS(A, 0p) ?�b MQ MQM@i`BpB�H bQHmiBQMX
h?2M A Bb `Qr@2[mBp�H2Mi iQ IpX

R3X S`QQ7 Q7 h?2Q`2K UNVX
G2i A #2 � (p× p)@b[m�`2 K�i`BtX
amTTQb2 i?2 ?QKQ;2MQmb bvbi2K LS(A, 0p) ?�b MQ MQM@i`BpB�H bQHmiBQMX
6Q` bm+? � K�i`Bt A- i?2`2 Bb bQK2 `2/m+2/ `Qr@2+?2HQM 7Q`K A′ bm+? i?�i A′ Bb `Qr@2[mBp�H2Mi iQ AX
(q2 r�Mi iQ /2/m+2 i?�i A′ = IpX)
LQi2 i?�i A,0p �`2 `Qr@2[mBp�H2Mi iQ A′,0p mM/2` i?2 b�K2 b2[m2M+2 Q7 `Qr QT2`�iBQMbX
"v h?2Q`2K (†)- bBM+2 LS(A, 0p) ?�b MQ MQM@i`BpB�H bQHmiBQM- LS(A′, 0p) �HbQ ?�b MQ MQM@i`BpB�H bQHmiBQMX
h?2M 2p2`v +QHmKM Q7 A′ Bb � TBpQi +QHmKMX
h?2`27Q`2- 7Q` 2�+? j = 1, 2, · · · , p- i?2 (j, j)@i? 2Mi`v Q7 A′ Bb 1c �HH Qi?2` 2Mi`B2b Q7 A′ �`2 0X
aBM+2 A′ Bb � b[m�`2 K�i`Bt- r2 ?�p2 A′ = IpX
Ai 7QHHQrb i?�i A Bb `Qr@2[mBp�H2Mi iQ IpX

RNX *QKK2Mi QM i?2 T`QQ7 Q7 h?2Q`2K UNVX
"v `2TH�+BM; i?2 HBM2

ǵ6Q` bm+? � K�i`Bt A- i?2`2 Bb bQK2 `2/m+2/ `Qr@2+?2HQM 7Q`K A′ bm+? i?�i A′ Bb `Qr@2[mBp�H2Mi iQ AǶ

rBi?
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ǵamTTQb2 A′ � `2/m+2/ `Qr@2+?2HQM 7Q`K r?B+? Bb `Qr@2[mBp�H2Mi iQ AǶ-

r2 Q#i�BM � T�bb�;2 r?B+? ;Bp2b �M �`;mK2Mi 7Q` i?Bb `2bmHi,ě

ǵG2i A #2 � (p× p)@b[m�`2 K�i`BtX
amTTQb2 i?2 ?QKQ;2MQmb bvbi2K LS(A, 0p) ?�b MQ MQM@i`BpB�H bQHmiBQMX
h?2M Ip Bb i?2 QMHv `2/m+2/ `Qr@2+?2HQM 7Q`K r?B+? Bb `Qr@2[mBp�H2Mi iQ AXǶ

kyX _2+�HH i?2 `2bmHi #2HQr- /2MQi2/ #v h?2Q`2K (‡) ?2`2- �#Qmi `Qr QT2`�iBQMb �M/ `Qr@QT2`�iBQM K�i`B+2bX
h?2Q`2K (‡)X
G2i B,B′ #2 (p× q)@K�i`B+2bX
amTTQb2 B Bb `Qr@2[mBp�H2Mi iQ B′X
h?2M i?2`2 �`2 bQK2 (p× p)@`Qr@QT2`�iBQM K�i`B+2b H1, H2, · · · , Hk bm+? i?�i B′ = H1H2 · · ·HkBX

kRX qBi? i?2 ?2HT Q7 h?2Q`2K (‡)- r2 2bi�#HBb? h?2Q`2K URyVX
h?2Q`2K URyVX
G2i A #2 � (p× p)@b[m�`2 K�i`BtX
amTTQb2 i?�i 7Q` �Mv +QHmKM p2+iQ` b rBi? p 2Mi`B2b- i?2 bvbi2K LS(A, b) Bb +QMbBbi2MiX
h?2M A Bb `Qr@2[mBp�H2Mi iQ IpX

kkX S`QQ7 Q7 h?2Q`2K URyVX
G2i A #2 � (p× p)@b[m�`2 K�i`BtX
amTTQb2 i?�i 7Q` �Mv +QHmKM p2+iQ` b rBi? p 2Mi`B2b- i?2 bvbi2K LS(A, b) Bb +QMbBbi2MiX

Ç S`2T�`�iBQMX
6Q` 2�+? j = 1, 2, · · · , p- /2MQi2 #v ej i?2 +QHmKM p2+iQ` rBi? j@i? 2Mi`v #2BM; 1 �M/ rBi? �HH Qi?2` 2Mi`B2b
#2BM; 0X
h?2M #v �bbmKTiBQM- 7Q` 2�+? j = 1, 2, · · · , p- i?2 bvbi2K LS(A, ej) Bb +QMbBbi2Mi- b�v- rBi? bQHmiBQM uj X
.2}M2 i?2 (p× p)@K�i`Bt U #v U = [ u1 u2 · · · up ]X
q2 ?�p2 i?2 +?�BM Q7 2[m�HBiB2b AU = A[ u1 u2 · · · up ] = [ Au1 Au2 · · · Aup ] = [ e1 e2 · · · ep ] =
IpX

Ç JQ`2 T`2T�`�iBQMX
h?2`2 Bb bQK2 `2/m+2/ `Qr@2+?2HQM 7Q`K A′- Q7 `�MF- b�v- r- bm+? i?�i A′ Bb `Qr@2[mBp�H2Mi iQ AX
(q2 r�Mi iQ /2/m+2 i?�i r = p �M/ A′ = IpX)
"v h?2Q`2K (‡)- bBM+2 A Bb `Qr@2[mBp�H2Mi iQ A′- i?2`2 �`2 bQK2 (p×p)@`Qr@QT2`�iBQM K�i`B+2b H1, H2, · · · , Hk

bm+? i?�i A′ = H1H2 · · ·HkAX
q`Bi2 H = H1H2 · · ·HkX h?2M A′ = HAX
1�+? Q7 H1, H2, · · · , Hk Bb BMp2`iB#H2X h?2M H Bb BMp2`iB#H2X
LQi2 i?�i A′U = (HA)U = H(AU) = HIp = HX
aBM+2 H Bb BMp2`iB#H2- r2 ?�p2 A′UH−1 = HH−1 = IpX

q2 +H�BK i?�i 2p2`v `Qr Q7 A′ Bb � MQM@x2`Q `QrX
h?Bb Bb DmbiB}2/- rBi? i?2 T`QQ7@#v@+QMi`�/B+iBQM �`;mK2Mi,

Ç amTTQb2 i?�i MQi 2p2`v `Qr Q7 A′ r2`2 � MQM@x2`Q `QrX
h?2M i?2 #QiiQK `Qr Q7 A′ Bb � `Qr Q7 0ǶbX
"v i?2 /2}MBiBQM Q7 K�i`Bt KmHiBTHB+�iBQM- i?2 #QiiQK `Qr Q7 A′UH−1 Bb �HbQ � `Qr Q7 0ǶbX
"mi A′UH−1 = IpX aQ i?2 H�bi 2Mi`v Q7 A′UH−1 Bb 1X h?Bb Bb BKTQbbB#H2X

aQ r2 ?�p2 b?QrM i?�i 2p2`v `Qr Q7 A′ Bb � MQM@x2`Q `QrX h?2M r = pX
h?2`27Q`2 �HH p +QHmKMb Q7 A′ �`2 TBpQi +QHmKMbX Ai 7QHHQrb i?�i A′ = IpX
>2M+2 A Bb `Qr@2[mBp�H2Mi iQ IpX
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